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STOCHASTIC FLOWS FOR LEVY PROCESSES WITH HOLDER DRIFTS 


ZHEN-QING CHEN, RENMING SONG AND XICHENG ZHANG 


Abstract. In this paper we study the following stochastic differential equation (SDE) in R"': 

dX, = dZ, + b{t, X,)dt, Xo = x, 

where Z is a Levy process. We show that for a large class of Levy processes Z and Holder 
continuous drift b, the SDE above has a unique strong solution for every starting point x e 
R'^. Moreover, these strong solutions form a C'-stochastic flow. As a consequence, we show 
that, when Z is an a-stable-type Levy process with a e (0,2) and b is bounded and yS-H61der 
continuous with /? e (1 - ajl, 1), the SDE above has a unique strong solution. When a e (0, 1), 
this in particular solves an open problem from Priola GD. Moreover, we obtain a Bismut type 
derivative formula for VEt/(X,) when Z is a subordinate Brownian motion. To study the SDE 
above, we first study the following nonlocal parabolic equation with Holder continuous b and /: 

dfU + + b-Xu + f — 0, m(1,-) = 0, 

where .if is the generator of the Levy process Z. 
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1. Introduction 

Consider the following stochastie differential equation (SDE) in 

dXf = dZt + b(t, Xt)dt, Xo = x, (1.1) 

where b{t, x) : [0,1] xR'^ ^ R'^ is a bounded Borel funetion and Z is a Levy proeess in R^. When 
d = 1, Z is a Brownian motion and b is a bounded Borel funetion on R, Zvonkin ^T2\ proved 
that the above SDE admits a unique strong solution for every starting point x. Zvonkin’s result 
was extended to the multi-dimensional ease by Veretennikov [[T^ . Sinee then, many people 
have made contributions to this problem (see [[81 151 |4l [181 and references therein). However, 
when Z is a pure jump Levy process, strong existence and pathwise uniqueness of SDE (11.11) 
become quite involved for drift b which is not Lipschitz continuous. When d = I, b{t, x) = b{x) 
and Z is a symmetrie cr-stable process in R with a G (0,1), Tanaka, Tsuchiya and Watanabe 
ifTSl proved that pathwise uniqueness fails for (11.11) even for bounded b G C^(R). On the other 
hand, when d = \ and Z is a symmetrie cr-stable proeess in R with a G [1,2), it is shown in 
[[TSl that pathwise uniqueness holds for (11.11) for any bounded eontinuous b(t, x) = b{x). Eor 
J > 2, using Zvonkin’s transform, Priola [[TOl obtained pathwise uniqueness for SDE (11.11) 
when Z is a non-degenerate symmetrie (but possibly non-isotropie) or-stable proeess in R^ with 
a G [1,2) and time-independent b{t,x) = b{x) G C^(R'^) with /3 G (1 - q'/ 2, 1). Note that in 
this ease, the infinitesimal generator eorresponding to the solution X of (11.11) is -i- Z; ■ V. 
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by a grant from the Simons Foundation (208236). The research of XZ is partially supported by NNSFC grant of 
China (Nos. 11271294,11325105). 
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Here is the infinitesimal generator of the Levy proeess Z, whieh is a nonloeal operator of 
order a. When a > 1, is the dominant term, which is called the subcritical case. When 
a e (0,1), the gradient V is of higher order than the nonlocal operator so the corresponding 
SDE (11.11) is called supercritical. The critical case corresponds to cr = 1. Priola’s result was 
extended to drifts b in some fractional Sobolev spaces in the subcritical case in |[2U]| and to 
more general Levy processes in the subcritical case in IfTTI . However, when d > 2, a e (0,1) 
and Z is a symmetric cr-stable process in even for time-independent Holder continuous drift 
b, pathwise uniqueness for SDE (11.11) was an open question until now; see [[HI Remark 5.5]. 
When Z is a rotationally symmetric cr-stable process, SDE (11.11) is connected with the following 
nonlocal PDE: 

dru + + b-Vu + f = 0, 

where := -(-A)"^^ is the usual fractional Eaplacian. In order to solve SDE (11.11) driven 
by a rotationally symmetric stable process Z, one needs to understand the above PDE better. In 
this direction, Silvestre [[T3ll obtained the following a priori interior estimate: 

I|m||l“([0,1];C“+/^(Bi)) ^ C(||m||l“([0,2]xB2) + II/IIl“([0,2];C/*(B2)))’ 

where, for any r > 0, Br stands for the open ball of radius r centered at the origin, provided 
b G L“([0,2]; and a + /3 > 1. Such an estimate suggests that one could solve the 

supercritical SDE (11.11) uniquely when Z is a rotationally symmetric cr-stable process with a G 
(0,1) and b G Cf(W^) with j3 € (1 - a/l, 1). However, this is not an easy task since one 
needs additional asymptotic estimates in the time variable. Eurthermore, the approach of [[T3ll 
strongly depends on realizing the fractional Eaplacian in R^ as the boundary trace of an elliptic 
operator in upper half space of Extending this approach to other nonlocal operators, such 
as cK-stable-type operators, would be very hard if not impossible. 

The goal of this paper is to establish strong existence and pathwise uniqueness for SDE (11.11) 
with, possibly time-dependent. Holder continuous drift b for a large class of Levy processes 
including stable-type Levy processes. We not only extend the main result of IfTTI in the sub¬ 
critical case to more general Levy processes and time-dependent drifts but also establish strong 
existence and pathwise uniqueness result in the supercritical case for a large class of Levy pro¬ 
cesses where the drift b can be time-dependent. We emphasize that the Levy process Z in this 
paper can be non-symmetric and may also have drift. One of the main results of this paper in 
particular solves the open problem raised in IfTTI Remark 5.5] where Z is a symmetric or-stable 
process with a G (0,1). Our approach is mainly probabilistic. 

In this paper, we use as a way of definition. Eor a, Z? G R, a A Z? := min{a, b}, a W b : = 
maxja, b}, and a'^ := a V 0. We now describe the setup and the main results of this paper. Let 
be the infinitesimal generator of the Levy process Z, that is, 

= f (f(x + z)- fix) - l|| 2 |<i|Z • V/(x)) v(dz) -h 7] ■ V/(x), 

Jr'' 

where v is the Levy measure of Z and i] is a vector in R“^. Eor any 77 G R^ and any Levy measure 
V, i.e., a measure on R^ \ {0} with J(1 A |z|^)v(dz) < 00 , we will use t > 0} to denote the 
transition semigroup of the Levy process Z with infinitesimal generator i.e., 

r;’V(x):=E/(x + Z,). 

Suppose that v can be decomposed as 

V = Vo -I- Vi -I- V2, 

where Vi, V 2 are two Levy measures, and Vq is a finite signed measure so that 

Vo -I- vi is still a Levy measure. 
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We make the following assumption about There exist a e (0,2), a, <5 e (0,1] and Kq > 0 
so that the following gradient estimates for the semigroup t > 0} hold. 

If a e (0,1], then for any x e (5 g [0, a] and bounded Borel funetion / satisfying 


\f{x + y)-f{x)\<A\yf 

for all y G 


with some A > 0, it holds that 




for all t G (0,1). 

(1.3) 

(H“ If O' G (1,2), then for any bounded Borel funetion /, it holds that 


Iivr;‘7iu < 7^oll/IUr>/“ 

for all t G (0,1). 

(1.4) 


Remark 1.1. The pointwise estimate (11.31) allows us to borrow the Holder regularity of the drift 
to eompensate the time singularity, whieh is erueial for the well-posedness of SDKs with Holder 
drifts in the supereritieal ease. Condition (11.41) in the suberitieal ease is the same as Hypothesis 
1 of Priola IfTTlI . Moreover, the parameters a and 6 are mainly designed for Example 14.31 below, 
and in Examples 14.11 and [4.21 below, a and 5 ean all be ehosen to be 1. 


The first main result of this paper is the following 

Theorem 1.2. Suppose that either holds for some cr G (0,1], a, d G (0,1] and Kq > 0, 

or holds for some or G (1, 2) and Kq > 0. Let y G (0,1) de such that 


f 


IzP^v(dz) < 


(1.5) 


Assume further that y + (\ - a)l6 < a in the case a G (0,1]. If for some yS G (y + (1 - Q')/d, 1] 
in the case a G (0,1], and for some /3 G ((y + 1 - aY, 1] in the case a G (1,2), it holds that 

Ml , \b{t,x)-b{t,y)\ 

sup ||Z7(t, •)||oo + sup sup -^---< oo, (1.6) 

fe[0,l] fe[0,l] H Jr 


then for every x G there is a unique strong solution {X;(x); t G [0,1]} to SDE (17. il) . Moreover, 

{Xt(x),t G [0,1], X G W^} forms a -stochastic dijfeomorphism flow, and for each x G 
t VXf(x) is continuous, and 


supE sup \VXfx)\>’ 

xeR‘‘ Lf6[0,l] 


< Cp < OO 


for every p > I, 


where Cp only depends on p,d, a,/3, y, v, Kq, a, 6 and the Holder norm ofb. 


(1.7) 


Remark 1.3. By a suitable loealization argument (ef. Il20l f. for the loeal uniqueness of SDE 
(II.IL the global eondition (11.61) ean be replaeed with a loeal eondition. Moreover, although 
t i-> Xfx) is not eontinuous, sinee we are eonsidering an additive noise, the eonelusion that 
t VXf(x) is eontinuous is not surprising. 


Various examples of Eevy proeesses satisfying the eonditions (H"’"/ ) with a G (0,1], (H" 
with a G (1,2), and (11.51) (and henee the eonelusion of Theorem 11.21 holds for these Eevy 
proeesses) are given in Seetion 4. To illustrate Theorem 11.21 here we only give the following 
eorollary, whieh is a direet eonsequenee of these examples. 


Corollary 1.4. (i) (Stable-type Levy process) Let Z be a Levy process in W’ whose Levy 

measure v has a density k{z). Assume that for some 0 < ai < Qr 2 < 2, 


Ci|zr''-“‘ < ^(z) < C 2 |zr''-“^ for 0 < Izl < 1. 
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Assume that < 2ai, and bit, x) is bounded and /3-Hdlder continuous in x uniformly in 
t e [0,1], for some jS e (1 + Qr2/2 - ai, 1]. Then SDE (11.11) has a unique strong solution 
for every x and (11.71) holds. 

(ii) (Subordinate Brownian motion) Let Z be a subordinate Brownian motion in with 

characteristic function Suppose that there are 0 < ori < ai < 2 such that 

Cilzr < 0 (z)<C 2 |zr for\z\>\. 

Assume that a 2 < 2a\, and b{t, x) is bounded and f-Holder continuous in x uniformly in 
t G [0,1], for some yS G (1 +Qr2/2-Q'i,l]. Then SDE (11.11) has a unique strong solution 
for every x and (11.71) holds. 

(iii) (Cylindrical stable process) Let Z = (Z', • • • , Z^), where Z^, 1 < j <k, are independent 

dj-dimensional rotationally symmetric aj-stable processes, respectively, with aj G (0,2) 
and dj > 1. Let a := aj and ormax := aj. Suppose that 

either a>\ or a G (0,1] and ttmax < 2a;^/(2 - a), (1.8) 

and that b{t, x) is bounded and f-Holder continuous in x uniformly in t G [0,1], for some 

/3 G (J3q, 1] with Pq . Q'fnax/2 + (0’max/^^l|Q'<l| 1 |q'>1|)(1 (1-9) 

Then SDE (11.11) has a unique strong solution for every x G R^^, where d := 2/=i dg tmd 
(11.71) holds. 


Note that condition (11.81) implies that a < 2a^l{2 - a). The latter is equivalent to cr > 2/3. If 
in Corollary 1 1.41 (iii). aj = a for every 1 < j k, then conditions (11.81) and (11.91) become 

a > 2/3 and yS G (1 - q'/ 2, 1], respectively. 

An interesting open question is whether the constraint a > 2/3 can be dropped. 

For Corollary [131 (iii), let v be the Levy measure of the cylindrical stable process Z. We will 
in fact show in Example 14.31 that, when a = mini^^^^aj G (1,2), condition (H"j^^) holds for 
some ^0 > 0 but condition (H"*^^) fails for any a* > a. So Hypothesis 1 of ffTTI holds with this 
a for the cylindrical stable process Z. On the other hand, condition (11.51) holds if and only if 
27 > OTmax- Hence in the case a G (1,2), Hypothesis 2 of ffTTI fails when afs are not identical 
(i.e., when ormax > «), and so the main results of ffTTI are not applicable. 

The second main result of this paper is the following derivative formula of EflXfx)). 


Theorem 1.5. Under the assumptions of Theorem U .2\ ifZt = Ws, is a subordinate Brownian 
motion as described in Example \4. 1 1 below, then we have the following derivative formula: 


VE/(W(x)) = E 


St 



VXXx)dWs, 


f e 


( 1 . 10 ) 


In particular, for any p > 1, there is a constant Cp > 0 such that for any f G C^(R‘^) and 
(t, x) G (0,1) X R^, 


|VE/(Xy(x))| < Cpt-^/‘^(E\f(Xfx))n'/U (1.11) 


This paper is organized as follows: In Section 2, we solve a nonlocal advection equation 
and obtain estimates on the gradient of the solutions. In particular, we derive a priori uniform 
estimate on the solution of the nonlocal advection equation. Even when Z is a rotationally 
symmetric stable process, our approach to the a priori estimate is simpler and more elementary 
than that of ffT3l . In Section 3, we shall prove our main results by using Zvonkin’s transform. 
In Section 4, we give three examples to illustrate the main results of this paper, from which 
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Corollary 1 1 .41 follows. In Appendix, we prove a eontinuous dependence result about the SDEs 
with jumps with respect to the coefficients and the initial values. 


2. Differentiability of solutions of nonlocal advection equations 


In this paper we use the following conventions. The letter C with or without subscripts will 
denote a positive constant, whose value is not important and may change from one appearance 
to another. We write f(x) < g(x) to mean that there exists a constant Co > 0 such that f(x) < 
Cog(A); and f(x) x g(x) to mean that there exist Ci, C 2 >0 such that C\g(x) < f(x) < C 2 g(x). 

For a function u(t,x) defined on [0,1] x R'^, sometimes we use u,(x) for u{t,x). Denote by 
C“(R'^) the space of smooth functions with compact support on R^^. For^S G (0,1] and a function 
/ on R'^, 

rri l/W-/Cv)l ||.|| ||.|| , 

[/]/? := sup —^--—, ll/ll^ := ll/lloo + [f]/ 3 , 

x+y |x - yr 

and for a function / : [0,1] x R'^ ^ R, 

:= sup ||/||oo ,/3 := sup ||/,||^. 

i€[0,l] i€[0,l] 

Recall the following characterization for a Holder continuous function /. Fet Pof be the Poisson 
integral of / defined by 

Pef{x):= f f(y)p 0 (x -y)dy, 6 > 0, 

jRd 

where pe(x) is the density of a Cauchy process given by 

peix) := X 6(6 + |a|)-^-i. 

It is well-known (cf. [[T4l Proposition 7 on p.l42]) that ||/||^ < 00 if and only if / is bounded 
and 

WdePefWoo < C 6 ^~^ for every 6 > 0 
and 


\\f\h^\\f\\oo + sup\\6^-f^dgPef\U ( 2 . 1 ) 

0>O 

The following commutator estimate result plays an important role in our proof of the Holder 
regularity of the gradient in the case of a G (0,1]. 


Lemma 2.1. For any fS,y & (0,1) with 7 < jS, there is a positive constant C = C(J3,y,d) such 
that for any Borel functions f, g on R^, 

[dePe(fg) - fdePeg]p-y < C[/]^ ||g|U 0^“', 0 > 0, 

provided that [/]^ and ||g||oo are finite. In particular, if g = 1 , then 

< C[/]^0^-\ 6>Q. 

Proof It suffices to prove that 

Weifgfix) - fdgPgg(x) - dgPeifgXx') + fdgPgg(x')\ 
<C[f]f,\\g\L6-y-^\x-x'tF (2.2) 

By definition, we have 

dgPe(fg)(x) - fdgPgg(x) = f (f(y) - f(x))g(y)dePe(x - 7 )dy. (2.3) 
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Notice the following easy estimates: 


\d0Pe{x)\ <{e + Ul) \ \VdBPe{x)\ <{6 + \x\) 


-d-2 


and 


r \xf{e + \x\)-‘^-^Ax<eP-\ /teN. 

li\x- x'\ > 0/2, then (12.21) follows from 


D 

WePeifg) - fdePegWoo < 


[/]/?ll,?lloo r \yf\dBPe(yMy 


Next, we assume 


Notice that 


^[/Wl^lloor lyl^(0 + lyir"-My 

Jr'^ 

123) 

< [mg\\^(^~' ^ img\\ooO^~'\^ - x'f-\ 

\x - x'\ < 0 / 2 . 

dBPe(fg)(x) - fdePBgix) - {dePsi/gW - fdePeg(x')) 


f 

Jr“ 


(f(y) - f(x))g(y)(dBPB(x -y)- dspBix - y))dy 


+ f (f(x') - f(x))g(y)dBPB(x' - y)dy =: /i + h- 

Jr‘ 


For 1 1 , we have 


lA I < [/]/?ll.?IU f \x- yl^lx -x\l f jVdePBix -y + r(x - x))|dr 
Jr'' \Jo 


dy 


im 


^ [/]/j||.?lioo|X 






[fM\g\l 


-X\ f \x-yfl f 
Jr'^ \Jo 

dx-x'l f lx-yf(0 + lx-yir^-^dy 

Jr‘' 


(0 + |x - y + r(x' - x)|) ^dr I dy 


(2.4) 


(2.5) 


( 2 . 6 ) 


D « , 1231 , , 

< [/]/jii^lloo|x-x'|0«-2 ^ Yf]^\\gUx-xT^ey-\ 

For I 2 , we similarly have 

I/ 2 I < k - x'f[f]f,\\g\u r (0 + lyl)-"-My ^ [/]/,||g||ook - x'f-^e^-'. 

Jwl 

Combining the above estimates, we obtain (12.21) . 

We also need the following lemma for treating the case of a 6 (1,2). 

Lemma 2.2. Suppose that (H" ^ ) holds for some a e (1,2) and Kq > 0. Then for any f3,y £ 
[0,1], there is a constant .^1 > 0 such that 

livr;‘’7ii, < for all t £ (0,1). 
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□ 


















Proof. Note that ||Vrj’''’°/lloo < IIV/IU- By (11.41) and the interpolation theorem, we have 

llvr^-’Viu ^ 

On the other hand, by (H" we have 

Iiv^r/'^VIU = llvr;;2°vr;;2Vlioo < < {tur-^^'^^wfWp. 

Henee, 


□ 


(2.7) 
if are 

( 2 . 8 ) 


For A > 0, eonsider the following linear baekward nonloeal parabolie system: 

dtUt + (=Sfv;, - A)ut + bt ■ Vut + ft = 0, Ui = 0, 

where is the infinitesimal generator of the Levy proeess Z, and h, / : [0,1] x 
bounded Borel funetions. Reealling deeomposition (II.2L we ean write 

•ffv.tj — -^vq.O =^^ 1,0 •ffv2,V 

The following theorem is the main result of this seetion. 

Theorem 2.3. Suppose that either (H"’"^^) holds for some a 6 (0,1], cr, d e (0,1] and Kq > Q 
or (H" ^^) holds for some a e (1,2) and Kq > 0. Suppose further that \ - a < 6d in the case 
a G (0, 1]. If for some G ((1 - cr)/d, d] in the case a G (0,1] and [5 G [0,1] in the case 
cr G (1,2), it holds that 

IMccp < OO, ||/||oo,/J < OO, (2.9) 

then for any y G (0,/3-(l -a)! 6) when a G (0,1] andy G (0, {fi+a-\)/\\) when a G (1,2), there 
exists a continuous function u : [0,1] x R^^ —> R^ such that for all t G [0,1] and ip G C“(R^), 


/ 


{Ut,tp) = ( {u.,{K,-A)ip)diS+ I {bs ■ Vus,(p)ds + 




f(fs, 

Jo 


(/5)d5 


with 


sup ||Mf(-)l|oo < sup ||/f(-)l|oo, 
f€[0,l] f£[0,l] 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


and for some 6 q> 0 and all d ^ 0, 

||VM||oo,y < C(1 V d)“ “IIJ ||oo,/3 

Here C = C{d, a,l3, Kq, d, 6, Halloo,/?, y, IvoKR"^)), {u, <p} := f uipdx and is the adjoint operator 
Offfv.rt- 

We will first prove several lemmas before we present the proof of the theorem above. Let 
and Z^^^ be two independent Levy proeesses with generators =Z(,q+v,,o and Clearly, 

z/=z^^^+zp. (2.13) 

Lemma 2.4. Assume that b,f£ L°°([0,1]; There exists a unique solution u,(x) G 

C([0,1]; C“(R'^; R'^)) to equation (12.71) with the following probabilistic representation: 


ufx) 




(.v))d5. 


where ^(v) = Z, ^ is the unique solution to the following SDE: 


I 


Xt,s = X + I br(Xt^r)dr + Zs - Zt, s > t. 


(2.14) 


(2.15) 
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(2.16) 


Moreover, we have the following a priori estimate 

sup ||m,|U < sup ||/,iU 

f€[0,l] f€[0,l] 

Proof. The existence and uniqueness of ufx) and the representation (12.141) follow from IfT^ 
Theorem 4.4]. The estimate (12.161) immediately follows from (12.141) . □ 

Lemma 2.5. Suppose that holds for some a e (0,1], d, d e (0,1] and Kq > 0, and that 

b,f£ L“([0,1]; R"^)). Suppose further that \ - a < 6d in the case a e (0,1]. Let u be 

the solution of (12.71) . Then for any £ ((1 - 0')/6, a], there is a constant C > 0 depending 
only on Kq, a, d,/3i,f32, [^]oo,ySi and |vol(R'^) such that for all A> 0, 

sup \\Vu,\L < C(1 V (2.17) 

?€[ 0 , 1 ] 


Proof (i) We first assume that 77 = 0 and that V 2 = 0 in decomposition (11.21) . Fix xq g R^ and 
let y, satisfy the following ODE: 


Define 


and 


yt = -bfxo + y,) with yo = 0 . 
ufx) := ufx + Xo+ yd, fix) := fix + Xq + yd 


b,ix) := b,ix + xo + yd - bfxo + yd- 
Clearly, by (12.71) and (12.81) . u satisfies 

dtUt + (<ifv(,o - A)ut + df ■ Vm, + + f, = 0, Ml = 0. 

We have by the representation (12.141) (with b = 0 there) 


Utix) = [b, ■ Vm, + .SfyoflUs + fs) (x)d5. 


FixySi.ySi £ ((1 - o:)/6, a]. Note that by the definition of b^, 

\bsiy) ■ VM,(y)| < ||VM,(-)||oo[^.(-)]/Jilyl^‘ foi" ally £ IR"', 

and that 

|Vr;2f(^,„,oMO(x)| < ||V(.^,„,oM,)|U < 2|yo|(R")||VM,(-)||oo. 
We have by (11.31) that for t € [0,1], 


|Vmi(0)| < 


J e''('-^)(i^o[^.(-)]A(^ - + 2|vol(R"))||VM,(-)IUd^ 

+ KoJ - tf^^^-^^/‘^[li-)]j3,ds. 


(2.18) 


(2.19) 


By (12.181) and the arbitrariness of Xq, one in fact has 

||Vmi(-)IU l)^''^‘“'^^“IIVM,(-)IUd5 + C[/]eo,/j,(l V i)(i— 

By Gronwall’s inequality, we obtain (12.171) . 

(ii) Next we consider the general case. Fix to G [0,1) and a cadlag function d : [0,1] ^ R'^, 
and define 


Z7f(x) := bfx - £to + 4), frix) ■■= f ix - 4 + ^r)- 



















Let Yf^(x) := Yf^ be the solution to the following SDE: 

Yl =^ + J KiYl)Ar + s > t. 

Since and Z^^^ are independent, by (12.131) and the uniqueness in law of the solution to SDE 
(12.151) . we have 


and so by (I2.14L 


Now we define 


u,. 






r=z<2) 


u%x) := J e''(^-^)E[//(y,yv))]d5. 

Then by Eemma [2^ u%x) is a solution to the following equation: 

dfU^ + (jZ^g+vj^o ~ • Vm^ + = 0, = 0. 

In view of 

oo,/3i — \}Y\cofiii Vf ]oo,/ 32 ~ [y']oo,/J25 

by what has been proved in (i), we have for any cadlag function ■£, 

IIVm'IU < C2(l V 

which in turn gives (12.171) by noting that Vu,^(x) = E[VMf|j(v)|f=z( 2 )j and to is arbitrary. □ 

Lemma 2.6. Suppose that holds for some a G (0,1], or, d G (0,1] and Kq > 0, and that 

b,f£ L“([0,1]; C^CR^^; R'^)). Suppose further that 1 - a < Sd in the case a G (0,1]. Let u be 
the solution of (12.71) . Then for any jS G ((1 - a)/d, a] and y G (ft,[5 - (1 - a)/6), there exists a 
constant C > 0 depending only on d, a, d, 6, Ko,f, y, \b]oop and IvqKR'^) such that for all A> 0, 


[VuUy < C(1 V 

Proof Eix y G ft,f - (1 - a)/d). Eor 6 > 0, define 

w%x) := dePgUtix) 
and 

g%x) := dePg(.bt ■ S/Ut)(x) - bfx) • VdgPgUfx) + dgPgftix), 

then 

dtW^, + - A)w1 + br ■ Vwf + gf = 0, w\= 0. 

Since yS - y > (1 - a)l6, by (12.171) with f\=f and yS 2 = /3 - y, we have 


( 2 . 20 ) 


sup ||Vwf(-)||oo < C(1 

fe[0,l] 


■y. 


and by Eemma lXTl 


[g^]oo,/5-y < [d]oo,/3 sup WVUtWooS^ ' + [/]oo,/j0^ ^ ^ ^ 

/€[ 0 , 1 ] 

Hence, 

sup WdePgVutWoo < C(1 V for every 6 > 0, 

/€[ 0 , 1 ] 

which yields (12.201) by (12.11) and (12.171) . 


□ 
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Lemma 2.7. Suppose that (H“ holds for some a e (1,2) and Kq > 0, and that b,f € 
L“([0,1]; C“(R'^; 'Bf)). Let u be the solution of (12.71) . Then for any /3 e [0,1] and ye [0, (/3 + 
O' - 1) A 1), there exists a constant C > 0 depending only on d,a, Ko,y,/3, ||Z7||oo,/3 and IvoKR^^) 
such that for all A > 0, 

\\Vu\Uy < C(1 V (2.21) 


Proof As in the proof of Lemma [231 we first assume that rj = 0 and that V 2 = 0 in decomposi¬ 
tion (11.21) . By the representation (12.14!) (with b = 0 there), we have 

ufx) = + ^^^yyu, + ff) (x)ds. 

Without loss of generality, we assume y e [/3, (/3 -l- or - 1) A 1). By Lemma [231 we have 


liVMfjL < 




J - t)'-^ (IIZ7, ■ - 

J' e^(^-^)(5 - tf-^-yy- (||Z7,||^||Vm,||;j + ||/,||^) d5 + J' 

J ((5 - t)<^-i-r)/“ + l)||VM,||,d5 + jj/iU,/? J - tf-^-^^/"ds. 


||VMi|Ld5 


which yields (12.211) by Gronwall’s inequality. For the general case, we can follow the same 
argument in (ii) of Lemma [231 to derive (12.211) . □ 


Now we are ready to give 

Proof of Theorem \2J\ Suppose that b and / satisfy (12.91) . Let be a non-negative smooth func¬ 
tion with compact support in R'^ having j^^,g(x)dx = 1. For n e N, define iP„(.v) := n‘‘g(nx) 
and 


b" := g„ * bt, f" := gn * f- (2.22) 

Clearly, b\r 6 L“([0,1]; C“(R^,R^)) and 

\mLp < \\b\U/s, \\r\Lp < \\f\Lp. 

Let m" be the solution to the following equation: 



d,u^ + - AX + b’l ■ Vu" + /; = 0, u1 = 0. 

(2.23) 

Bv (12.171). (12.201) and (12.211). there is an 0n > 0 such that for all A > 0. 



sup ||VM"||oo,y < C(1 V A) ^°\\f\\oo,/ 3 , 

n 

(2.24) 

and bv (12.161). 

sup IKIU < sup ||/;iu < sup II/,lU. 

(2.25) 


(€[ 0 , 1 ] (€[ 0 , 1 ] (€[ 0 , 1 ] 


Moreover, by the representation (12.141) (with b = 0 there), we can write 

m”(x) = J (b" ■ Vm" + /;) (x)ds. 

Using (12.241) and (12.251) . one can easily show that for any P > 0, 

lim sup sup |m"(v) - m"(a:)| = 0. 

|(-('H0 „ 
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Hence, by Ascoli-Arzela’s lemma, there is a subsequence (still denoted by u") and a function u 
with 

llVwlloo.y < C(1 V /ir®°||/||oo,/?, sup liMfIloo < sup ||/(||oo 

(E[0,1] (6[0,1] 

such that 


lim sup sup \u^{x) - Ut{x)\ = 0, > 0. (2.26) 

!€[0,1] l-rKR 

On the other hand, noticing the following interpolation inequality (cf. [|71 Theorem 3.2.1]) 

IIV0IU < 

by (12.241) and (12.261) . we further have 

lim sup sup \Vu’^(x) - Vut{x)\ = 0 for every R > 0. (2.27) 

(6[0,1] |xKR 

Thus by (12.231) . (12.261) and (I2.27L it is easy to see that u satisfies (12.101) . □ 


Corollary 2.8. Under the assumption of Theorem 12.31 if we further assume that for some jq 6 
(ft,[5 - (1 - a)l6) in the case of a G (0,1] and + a - \) /\ \) in the case of a G (1,2), 



|z|*'^^V(dz) < oo, 


(2.28) 


then the solution u of equation (12.71) satisfying (12.111) and (12.121) for some y > Jo is a classical 
solution; that is, ^v,jjUs{x) and Vus(x) exists pointwise and is continuous in x, and for all t G 
[0,1] and X G 


ufx) + r 


- /l)Mi(A:)d5' + 



bs(x) ■ Vus(x)ds + 



fs(x)ds = 0 . 


(2.29) 


Proof Since IIVmIIoo,^ < oo for some y G - (1 - a)l5) in the case of a G (0,1] and 

y G (yo, (/3 + cr - 1) A 1) in the case of cr G (1,2), by (12.281) . it is easy to check that 


X i-> ffyj^Usix) is continuous. 

Hence, by (12.101) . equation (12.291) is satisfied for all t G [0,1] and x G □ 


3. Stochastic flow and Bismut formula 

Suppose that either (H"’"^^) holds for some a G (0,1], d,6 € (0,1] and > 0 or (H" 
holds for some or g (1,2) and > 0- Suppose also that (11.51) and (11.61) hold for some 

y G (0,1) with y + (1 - a)/6 < d and yS G (y + (1 - a)/6, or] in the case of or G (0,1] 

and 

y G (0,1) and /3 G ((y + 1 - aY, 1] in the case of a G (1,2). 

Notice that (11.51) implies (12.281) with yo = y. Hence, for T ^ 0, by Corollary 12.81 the following 
nonlocal equation has a classical solution u: 

dtUt + - d)ut + bt ■ Vut + Z7f = 0, ufx) = 0. 

Similarly, let b" be defined by (12.221) and let u" be the solution to the following equation: 

d,u" + (^v.;, - d)u'; + b" • Vm]' + b'l = 0, u^fx) = 0. 

Using the same argument leading to (12.261) and (12.271) . we see that there is a subsequence, still 
denoted by m", such that 

lim sup sup |V^m”(a) - V^ufx)} = 0 for every R > 0 and j = 0,1. (3.1) 
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For simplicity, we use the following convention: 

u° := u, b°° := b, Noo := N U {oo}. 

By (I2.12L one can choose A suffieiently large, independent of n G Nc», sueh that 

y') — y^'ll 1 

||V<(-)||oo + sup < - for every n G Noo and t G [0,1], 

k - -^'1^ 2 


Define 

Sinee for eaeh t e [0,1], 


<I>"(;c) = X + m”(x), n G 


^\x - y| < |0"(;i;) - 0"(y)| < ^\x - y\, 


X 0"(;c) is a diffeomorphism with 

1/2 < |VO"WI < 3/2 and |V(0';r'(;c)| < 2, 
where denotes the inverse funetion of v i-> ®/(v). 

Lemma 3.1. There is a constant C = C{d) > 0 such that for all t G [0,1] and n G No 

||V0/||, + ||V(0/)-'||,<C. 

Moreover, for each t G [0,1], > 0 and j = 0,1, we have 


and 


lim sup sup |V^O'/(v) - V^O“(v)| = 0, 


lim sup sup |V^(0/) '(v) - V^(0“) ^(;c)| = 0. 


(3.2) 


(3.3) 


(3.4) 

(3.5) 

(3.6) 


Proof (i) For notational simplicity, we drop the superseript “n”. Clearly, sup^g^g llVOXOIIy < 
J + 1. In view of 

(VO,)-‘(v) - (VO,0-‘(y) = (VO,)-‘(;c)(VO,(v') - VO,(v)) (VO,)-‘(v'), 
we have by (13.21) and (13.3L 

[(VO,)-'], < ||(VO,)-‘||i[VO,], = ||(VO,)-‘||i[VM,], < 2 for all 5 G [0,1]. 

Henee by (13.31) again, for all 5 G [0,1], 

l|Vo;'||, = ||(VO,)-'(o;')ii, < ||(VO,)-'iu + liVo;'||i,[(VO,)-'], < 2 + 2^"'. 

(ii) Properties (13.51) and (13.61) follow from the definitions of O, and O/', (13.11) and (13.21) . □ 


For any given n G Noo, define 

g:(y,z):=0;'((0;r'(j) + z)-J. (3.7) 

Lemma 3.2. For 71,72 ^ 0 wdh 71+72 = 76 (0,1), there is a positive constant Ci = 
Ci((i,/l, 71 , 72 ) such that for all n G Noo, t e [0,1] andy,z e 

l|Vg”(-,z)||oo,y, < Cid A kp) and |g:(7,d| < 3|z|/2. (3.8) 

Moreover, for each t € [0,1], 7, z G and j = 0,1, we have 

limV(:g/(7,z) = (3.9) 

n—^oo 
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Proof. For notational simplicity, we drop the superseript “n”. Sinee 

'^ygs{y,z) = VO, (o;^(y) + z) ■ VO;^(y) - I, 

we have 

l|V^,(-,z)IU< 2 ||VO,||,(i A|zr)liVo;‘iu < c(iA|zr) 

and 

[Vg.(-,z)]y < [VO,(o;i(-) + z)],||Vo;i|U + ||VO,|U[Vo;i]^ 

,, , mi 

<[VO,]^l|Vo;'||i:^ + l|VO,iU[Vo;i]^ < c. 

Thus, by definition, for 71 + 72 = 7> we have 

[V^.(-,z)]r. < i2\\VgA-,z)\Lr'^[Vg,(-,z)y;^^ < C(1 A Izp), 

which in turn gives the first estimate in (13.81) . The seeond inequality in (13.81) follows from (13.31) 
and the definition of g" . Property (13.91) follows from (13.51) . (13.61) . and the definition of g”. □ 

Taking 71 = 0 in Lemma [T2] yields that there is a eonstant Co = Co(<i, T, 7 ) > 0 so that 

||V/(-,z)||oo < Co(l A IzD and |g”( 7 ,z)| < 3|z|/2. (3.10) 


Choose ro 6 (0,1) so that 

Cor^ + 3ro/2< 1. (3.11) 

Sueh a ehoice of ro will be used below to establish the CCstoehastie diffeomorphic property of 
the unique solution T" of SDE (13.161) . 

Let N{dt, dz) be the Poisson random measure assoeiated with Z, i.e., 

iV((0, t] xY):=Yj lr(4 - 4-), t > 0, T 6 S(R^ \ {0}). 

0<s^t 


Let N(dt, dz) := N{dt, dz) - dty(dz) be the compensated Poisson random measure. By the Levy- 
Ito deeomposition, we can write for eaeh r > 0, 


--!J 

JoJ\z\<r 


zNids, dz) + 


fl ^ 

JoJ\z\>r 


zN{ds, dz) + r]rt. 


where rjr e is a constant vector depending on r. 

Reeall that ro e (0,1) is the eonstant in (13.1 II) . For any given n e Noo, define 

aliy) := + X((0")-‘(7)) - f (<((0")-i(7) + z) - <((0”)-‘(7))) v(dz). 

J\z\>ra 


(3.12) 


We have 


Lemma 3.3. There is a positive constant C 2 = C 2 (d, T, 7 , ro) such that for all n G Noo, t s [0,1] 
and y G R^, 


l|Va"||oo,y < C 2 and |a"(y)| < C 2 (l + \\b\\oo). 
Moreover, for each t G [0,1], 7 G R"^ and j = 0,1, we have 

lim V^a;’( 7 ) = V^^afly). 


(3.13) 

(3.14) 


n—^oo 
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Proof. For notational simplicity, we drop the superseript “n”. Sinee 

we have by (13.41) that for all 5 G [0,1], 

IIV(i^.(o;i))||^ < l|Vi.,(o;')||,||Vo;i|U + ||VMdUI|Vo;'||, 

< IIVMdy|Vo;'iui + llo;'ID + llv^i.lUllvo;i||, < c. 

Hence UValU.y < Ci by (13.121) . The second inequality in (13.131) follows from the definition of 
Osiy) and the faet that u!' is uniformly bounded due to (12.111) of Theorem 12.31 Property (13.141) 
follows from (13.11) . (13.21) . (13.51) . (13.61) . and the definition of a”. □ 

The following lemma is a direet applieation of Ito’s formula. 

Lemma 3.4. Let 07(v) be defined as above. For n G Noo, satisfies 

X"; = x+ f b"fiX'J)ds + te [0,1] (3.15) 

Jo 

if and only ifY" = solves the following SDE for t G [0, !].■ 

T," = 0"(v)+ r <(T;)d^+ ff g^fiYf,z)ms,dz)+ ff g'XYf,z)N(ds,dz), (3.16) 

do dodlzl<ro dodlzl>r'o 

where a" and g” are defined by ( 13.721) and ( 13.71) . 

Proof. For n G N, sinee x d)XX) and x i-> (O'/) ^-^) smooth, the assertion of this 
lemma follows from Ito’s formula. For n = oo, sinee we only have ||VO°°||oo,y < £», one needs 
suitable mollifying teehnique. This is standard and ean be found in IITUII and lEUl . We omit the 
details. □ 


Lemma 3.5. For n g 


let Y"{X) be the solution of ^3.16\) with initial value Oq(x). We have 


lim 


sup \YXx) - Trwi A 1 


L?e[0,l] 


Moreover, for any p > I, we have 


sup sup E 

fieNoo xeR'' 


sup wYXxr 

re[0,l] 


< oo. 


and for each x G 


lim: 


0 . 


(3.17) 


(3.18) 


(3.19) 


sup \XYXx) - XYf(x)\P 
Lfe[0,l] 

Proof. (13.171) follows from Lemmas l3.2[|3.3l and Proposition 15.II below. In this proof, we shall 
drop the superseript “oo". Notiee that 

Vy7 = VO”(;c)+ r VaXY^)VY"ds+ ff VygXYf,z)VYfN(ds,dz) 

Jo JoJlzl<ro 


+ 


f f VygXYf,z)VY';_N(ds,dz). 

JoJlzl>ro 


(3.20) 


By the Burkholder-Davis-Gundy inequality JH Theorem 2.11] and (13.8L (I3.13L we have for 

P>2., 


sup |vy;r 

i6[0,f] 


<|VO^(;c)r+ r E|Va7(y;)Vy;|^d5 + E ff IV,gXYXz)VY"lMdz)ds 
Jo JoJ|z|<ro 


p/2 
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+ . 


<l + 


r r iv,^"(y;,z)vy;iv(dz)d^ 

JoJ\z\>ro 

lzl%(dz) E|vy; 

lzl<ro / / Jo 


ff \^ys: 

JoJr'' 


(y;,z)vy;ry(dz)d5 


1 + 1 I kry(dz)) I E|vy;rd5, 

'kl<ro / / 

which gives (13.181) by Gronwall’s inequality. 

Next, set U” := Vy” - Vy,. By equation (13.201) . (13.81) . (13.131) and lIH Theorem 2.11], 


sup |[/”r 

i€[0,r] 


<hn+ f 

Jo 


ElV^JPds, 


where 


+ 


+ 




h„ := \V%(x) - VOoWP + r (E|Va:(y;) - 

Jo 

f f IVyg:.(r:, z) - Vyg,(Y„ zfy(dz)ds 
Jo ^|z|<ro 

r r IVvg:(y;, z) - V,g,(y„ Z)|v(dz)d^ 
Jo Jlz>rn 


f f |Vvg"(y",z) - Vyg,(y„z)Pv(dz)d5 
Jo Jr'^ 


1/2 


By Gronwall’s inequality, (13.8L (13.91) . (I3.13L (13.141) and (I3.17L it is easy to see that 


limE 

n—^0 


sup |t/"P 

f€[0,l] 


+ lim/z„ = 0 . 

/t—»0 


The proof is eomplete. 


□ 


We are now in a position to give a 

Proof of Theorem [7721 Let a = a°° and g = be defined by (13.121) and (13.71) . respeetively. By 
Lemmas l3 . 2 1 and IX3l we have 


l«^Cv) - «.(/)! ^Cily-y' 


and 

r* n 1X31 

I -gi(y',z)pv(dz) < C 2 ly-y'M IzPMdz) < C|y-y'|^ 

«7k|<ro «7|z|<ro 

Henee, (13.161) has a unique strong solution by the elassieal result (ef. |l 6 l Theorem IV.9.1]). (11.71) 
follows from X^x) = 07'(y,(Oo(A:))) and (13.181) . Moreover, let Y,iy) be the solution of SDE 
(13.161) with starting point y. By (13.101) and the ehoiee of tq in (13.111) . {ypy), t G [0, l],y G 
defines a C^-stoehastie diffeomorphism flow (ef. [[lOl p.442-445]), so does {^^(v), t G [0,1], v G 
W^}. Next we show that 1 1 -» VX,(x) is eontinuous. LetX"(x) satisfy (13.151) . Clearly, 1 1 -» VX"(x) 
is eontinuous for eaeh n G N. On the other hand, by Lemma [331 and (13.61) . we also have 


lim E sup |VX”(x) - VX,(x)r 


= 0 . 


From this, we immediately obtain the desired eontinuity. 
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(3.21) 
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Proof of Theorem lT75\ First of all, we show that the right hand side of (11.101) is no bigger than 
the right hand side of (11.1 II) . By Holder’s inequality, it suffices to show that for any p > I, 

Pi 

VX,(x)dWs, 


m := 


1 


L^r 


f' 


By [|2ll (2.11)], one has 


1(0 < 


mi: 


|VX,(x)pdS, 


\P/2 

- 

1 

< E 


.£[ 0 , 1 ] 


sup |VX,(a:)|^ 


(TTJ 




(E[^r1) 


1/2 


a 

< f 


-p/a 


Let b'' be defined as in (12.221) and X" be the unique solution to SDE (13.151) . For / e C^(R‘^), by 
Il2n Theorem 1.1] or IfTTl Theorem 1.1], we have 

\mt(x)) 


VE/(X;'(x)) = E 


%x)) r 
0 Jo 


VX:(x)dWs„ 


n G 


Thus, in order to show formula (11.101) . it suffices to show the following two relations: 

lim VE/(X”(.r)) = lim E[(V/)(Xf(x))VX;(x)l = E\(Vf)(X,(x))VX,(x)] = VEf(X,(x)) (3.22) 

n—^oo n~^co L J L J 


n—^oo 

and 


lim] 

n—^oo 


m(x)) 


M f 

t Jo 


VX^(x)dWs^ 


m(x)) 


(_^ r 

t Jo 


VX,(x)dlTc 


(3.23) 


Notice that by (13.171) and (13.61) . 

lim E [|X"(x) - X,(x)\ A 1] = 0. (3.24) 

n—^oo 

(13.221) and (13.231) follow by (13.211) . (13.241) and the dominated convergence theorem. □ 

4. Examples 

Now we give some examples for which the assumptions of Theorem 1 1.2 1 are satisfied. 

Example 4.1 (Subordinate Brownian motions). Eet := Ws,, where IT is a J-dimensional 
Brownian motion with infinitesimal generator A/2 and S is a one-dimensional subordinator, 
which is independent of Wf Eet (p(X) be the Eaplace exponent of S, i.e., Ee“'^'^' = If for 

some or G (0,2), 

<P(A) > A >1, 


(4.1) 


then (Kio^ holds for some Kg > 0. Indeed, using the independence of S and W, one can easily 
check that for any bounded Borel function / on R^, 


XTff(x) = 


f(x + Ws,y 


IT. 


s, 


Thus, if, for somCjS G (0,1), := \f(x + y) - /(x)|/|y|^ < oo, then 

St 


|vr/^V(^)l 


< A, 


(f(x + WsJ-f(x))^ 

\Ws,r^ 


St 


< CAJ 


St 


where the last step is due to the fact that for any p G (0,1), 


E5 


- - j-E r 

^ np) Jo 


AP-iQ-^SrdA 


1 r 

TO Jo 






(4.2) 
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SU 1 /I 


np) 


(rf- 


e < Cr-, ? G ( 0 , 1 ], 


(4.3) 


The constant C can be chosen to be independent of p G (0,1) so that the constant Kq in (14.21) is 
independent of jS G (0,1). Moreover, it follows from ^ (15)] that 

^ co0(kr^)^ 
v(dz) < — — — dz. 

\zr 

Thus if there exists a G (0,2) such that 

0(4) < ford > 1, (4.4) 


then (11.51) is satisfied for any y G (d/2,1]. This implies that we need to take (5 G (d/2 + 1 - a, 1] 
in Theorem 1 1.21 

There are many examples of subordinate Brownian motions satisfying (14.11) and (14.41) . One 
important example is the symmetric relativistic cr-stable process in R^. In this case, 0(4) = 
(4 + - m for some m > 0, (14.11) holds and (14.41) is satisfied with a = a. This implies that 

in this case we can take any yS G (1 - a/l, 1] in Theorem 1 1.2 1 


Example 4.2 (Stable-type Levy processes). Let Z be a Levy process in R'^ whose Levy mea¬ 
sure v(dz) = A:(z)dz. Assume that for some 0 < ori < 0:2 < 2, 

ci|zr^-“> < K{z) < C 2 |zr^-“^ for Izl < 1. (4.5) 


We call a Levy process satisfying the above condition of stable-type. In this case, we can make 
the following decomposition for v: 


V = Vo -I- Vi -I- V2 

withyo(dz) := -cilzr^^'^'luz^iidz and 

vi(dz) := ci|zr"'""'dz, V2(dz) := (/c(z) - ci|zr"'“"‘)l||zi<i)dz + ^(z)l(ki>i|dz. 

By Example I4~T1 (H"‘’].j^‘) holds for some Kq > 0. Condition (11.51) holds for any y G (cr2/2,1]. 
This implies that in this case we need to take p G ( 0 : 2/2 -i- 1 - a\,Y\ in Theorem 11.21 One 
particular example is the case when a\ = a 2 = a and the relation in (14.51) is satisfied for all 
z G R'^. The corresponding Levy process is called an o'-stable-like Levy process. Another 
particular example is the case when k{z) = 0 for |z| > 1 and a\ = a 2 = a. The corresponding 
Levy process is called a truncated o'-stable-like Levy process. Observe that relativistic o;-stable 
process satisfies condition (14.51) with ori = 0:2 = a. The third particular example is the case 
where /("(z) is comparable to the Levy kernel of relativistic or-stable process. The corresponding 
Levy process can be called relativistic o:-stable-like. 


Example 4.3 (Cylindrical stable processes). In this example we consider a cylindrical stable 
process Z = (Z\ ■ ■ ■ ,Z^) in R^^, where Zk 1 < / < k, are independent J^-dimensional rota- 
tionally symmetric O'^-stable processes with aj G (0,2) and 2/=i dj = d. We can realize Z as 
follows: 

Z, = W5, :=(Wi.,---,Wy, 

where 1 < 7 < k, are independent Jy-dimensional standard Brownian motions with infini¬ 
tesimal generator A/2 in R^^ and Sk 1 < 7 < k, are independent o;y/2-stable subordinators with 
a, G (0,2) for 1 < 7 < k, that are also independent of Brownian motions {!¥',..., W^}. Define 

a := min a, and Ofmax := max a,. 

KM K7<jt 

We claim that if a G (0,1], then (H"’"’*^) holds with some .fiTo > 0 and 6 := cr/cTmax; and if 
O' G (1,2), then (H"^^) holds for some Kq > 0. 
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Indeed, for let V,- = (5;^^.+,,..., where ji := do A -h di-i with do := 0. As 

in Example 14.1[ we also have the following derivative formula for any bounded Borel function 
/ on R'^: 




{SWwrf{x+Ws,) 


Suppose a 6 (0,1]. For p g [0, a] and x G R, if '■= sup^g^j \f{x + y) - /(x)|/|y|^ < oo, then 
we have by (14.31) that for t G (0,1], 


\ViTff{x)\ = 


< Av 


(S:)-'lE'j(/(x + lE5,)-/W) 


< A^ 

E 

(s:)-w';r^ 

+ E 


1 




j*i 




IK 

/ 


< CA, 


jip-DIa, ^-IM 


j*i ' ) 




Kot^x (since P < a) 






that is, holds. If cr G (1,2), then we have by (14.31) that for t G (0,1], 


\ViTff{x)\ < 


|W^',l/(5;) 


<||/||eoE[(Si)- 


1/2 


-< 


-l/ff,- 


< KoWflU 


-l/a 


Thus in this case, holds. The claim is now verified. 

It is not difficult to see by using the property of the rotationally symmetric cry-stable process 


W'^, that the parameter a in the now verified property (H“’“’‘’) and (H“^^) is best possible. For 
example, it can be shown that when a G (1,2), property (H"*^ ) fails for any a* > a. 

Note that (11.51) holds for any y > a^axl'2- For Theorem 1 1.21 to be valid, the following con¬ 
straint needs to be satisfied: 


I > /3 > Qrmax/2 + crmax(l ” «)/« if Or < 1, and CTmax < 2Qr if CT > 1. 

Clearly, when cr > 1, the condition cTmax < 2cr is automatically satisfied. Consequently, in this 
case for Theorem [F^ to be applicable, we need a/s to satisfy 

either cr > 1 or or G (0,1] and cr^ax < 2cr^/(2 - a), (4.6) 


and take 

yS G (J3o, 1] withySo : = ^max /2 + (cr max 1{Q!>1))(1 Q^)' 

Condition (14.61) implies that a > 2/3. An open question is whether constraint (14.61) can be 
dropped. It boils down to the question whether (H"’j^^^) holds for any cylindrical stable process. 

This example can be extended in two directions. First, as in Example 14.1[ we can consider 
more general subordinators {5',...,5^}. Second, as in Example 14.2[ we can consider more 
general Fevy process, whose Fevy measure is bounded by the Fevy measure of the cylindrical 
cr-stable process (or, more generally, the cylindrical subordinate Brownian motion) from 
below. 


Proof of Corollary 1 1.4i It follows from Examples 14 .1 [ 14 .2 1 and 14 .3 [ □ 
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5. Appendix 


In this appendix, we prove the eontinuous dependenee of solutions to SDEs with jumps with 
respeet to the initial values and eoeffieients. 

Proposition 5.1. Fix r > 0. Let a”, g", n G Nc» be two families of uniformly Lipschitz continuous 
functions in the sense that for some C > 0, and all n G Noo and t e [0,1], x, 3^,2 G 

\a'l(x) - a"(y)\ < C\x - y\, \g'f(x,z) - g't(y,z)\ < C\x - y\h(zX (5.1) 

where |/i(z)pv(dz) < 00 . Suppose that for each t G [0,1] and x,z & 

lim a"{x) = af(x), lim g’^(x, z) = gf{x, z) (5.2) 

/?—»oo /?—»oo 


and 


sup sup sup 

(i€N<x. fe[0,!] xeR‘‘ 


\a"{x)\ \g1{x, z)| 

1 + kl 0<|z|<r kl 


< 00 . 


(5.3) 


For n G Noo, let 7" be the solution to the following SDE 


fn + 


fa:(Y’:)ds+ ff 1 

Jo JoJizKr 


^”(y;_,z)iv(d5,dz) + 


ff 

JoJlzl>r 


g"(Yf,z)N(ds,dz). 


Assume that fn converges to ^00 in probability as n ^ 00 . Then we have 


lim E ( sup \Y" - y“| A 11 = 0, (5.4) 

\?e[0,l] / 

which implies that Y" converges to Yf in probability. 

We begin with the following lemma. 

Lemma 5.2. There is a nonnegative smooth function f on R'^ with the following properties: 

f(x) = \xf if\x\^l, f{x) = 2 if\x\>2, and |V/| + |VVl < Cil(|x|< 2 ), (5.5) 

for some constant Ci > 0, and that for any constant C 2 > 0, there exists a constant C 3 > 0 such 
that for all S > 0, r £ [0,1] and |j| < C 2 ((|x| + d) A 1), 

l 3 ;||V/(x + ry)\ < Csifix) + 6), \y\^\V^f(x + ry)\ < C^ifix) + 6^). (5.6) 


Proof Let f be an inereasing smooth funetion on (0, 00 ) with 4>{r) = r for r < 1 and 4>{r) = 2 
for r > 4. Let f{x) := <t>{\x^). It is easy to eheek that / has the desired properties. □ 

We also need the following key lemma. 

Lemma 5.3. Let T\,T 2 be two stopping times with 0 < ti < T 2 < 1. In the setup of Proposition 
I5.il let y" solve the following SDE on [ti, 72 ].' 

y;' = y"+ f <(y;)d5+ f f g'XYf,z)ms,dz). 

Jti JriJjzl^r 

Assume that Yf converges to 7“ in probability, then we have 


lim E 


sup |y;-yr 

je[Ti,T2] 



= 0 . 
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Proof. In this proof we will drop the superscript “oo” and write 
Let / be as in Lemma 15^ By Ito’s formula, we have 


/(t/f) = /(f/” ) + 

^ff 

^Ti ^Izl 


r (A':, Vf(u:)}ds + r f [f(ui + r;'(z)) - /(t/:_)]iV(d^, dz) 

vIti «v|z|<r 

[/([/”_ + r;'(z)) - f(i/i) - r;'(z) • v/(t/"j]y(dz)d5. 


For P > 0, define a stopping time 

T/i := inf jt > Ti : |yd > A T 2 . 

For any T G [0,1], by the Burkholder-Davis-Gundy inequality |l9l Theorem 2.11], we have 


sup i/(f/r)p 

te[Ti,TATji] 


<Elf(Uf)l^ + E 


J r^TATjt 

Tl 


KA",V/(t/"))|2d5 


+E 


+E 


atr ^ 

I 

Ti 


l/(t/"_ + r;'(z))-/(t/”_)lVdz)d5 


J r>r ATr p 

muf + F”(z)) - f{u:f) - F”(z) ■ v/(f/"_)]y(dz) 

r\ «2|z|<r 


ds 


=: E\f(W,^f + I1+r’+If 


For 7", by (15.11) and (15.51) . we have 

^TAtr 


I1< 


I 

Jt] 


l<(y,) - a,(y.)rd5 +: 


J rTATR 


l/(t/")pd5. 


For Ij and If noticing that by (15.11) and (15.31) . 


ir"(z)i < emu + l^;'(n-,z) - g.(y.-,z)i) A 1), Izi < r, 

by (15.61) . we have 

J r-TAT r r I U \ 

inXz)!' |V/(t/:_ + rF”(z))|2dr y(dz)d. 

Ti J\z\<r \Jo / 


J t'TATr p 

I 

Tl J|z|<r 


z) - gi(y.„ z)py(dz)d5 +: 


J r-TATR 

T\ 


\nu:fds. 


and 


I^<E f '( r |r"(z)p( r r |VV(t/."_ + rrT;'(z))|drdr')y(dz)) d^ 

Jt, \J\z\<r \JoJo / / 




r'(r I 

Jt, \J|z|<r 


|g”(y„z)-g.(i^„z)lMdz) d5 + 


J r-TATR 


IfiU^fds. 


Combining the above calculations, we obtain 


sup |/(7/f)P 

/e[ri,7'AT«] 


<hn + 


J r-TATR 

T\ 


l/(t/")Pd5, 
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where 


J r^TATjt 

\a:(Y,)-am\^ds 

ri 


+ . 


+ . 


J r*i /\tr ^ 

Ti Jlzl^r 

Jti \J|z| 


- ^,(J"^,z)Pv(dz)d5 


z) - gAYs, z)l^v(dz) d5. 


By Gronwall’s inequality, (15.21) . (15.31) and the dominated eonvergence theorem, we have for 
eaeh R > 0, 


limE 

«—»0 


sup i/(t/r)p 

/e[ri .Tfi] 


< lim Chn = 0 . 


In partieular. 


lim] 

n—»oo 


sup |y;-y“|^Ai 

;€[ri,T«] 


0 , 


whieh together with lim^^oo P(tr < T 2 ) = 0 gives the desired limit. 


□ 


Now we give 

Proof of ProDosition \5. 1\ Let T\ := 0 and for m e N, define reeursively 

T,„+i := inf{t > T,n :\Zs-Zs-\> r) M. 

Since Z only has finite many jumps greater than r before time 1, we have lim„,_^ooTm = 1. 
Clearly, for t e (t„„ r^+i], Y’f satisfies 

Y’; = Yl+ f a”(y")d5+ f f g':(Y"_,zmds,dz), 

Jt,„ Jt„, J|z|<r 

where y”^ := y"^_ + Zr,„ - Zr,„-). Since ^ ^00 in probability as n —> 00 , by Lemma 

15. 3 1 and induction, we have for each m e N, 


limE sup |y;-y“|Al 

L(€[T„.,r,„+,] 

which gives the desired limit by noticing that for any mo 6 


= 0 , 


sup |y; - y“| A 1 

fe[0,l] 


and lim„,o_oo P(t,„o+i < 1 ) = 0 . 




mo 

m=l 


sup lyf-yriAi 

/^[^mi^m+l] 


+ P(t,„o+i < 1 ), 


□ 
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